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In this paper, we study B-canal surfaces in terms of biharmonic B-slant helices according
to Bishop frame in the Heisenberg group Heis3. We give necessary and suﬃcient conditions
for B-slant helices to be biharmonic. We characterize B-canal surfaces in the Heisenberg
group Heis3. Additionally, we illustrate our results.
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1. Introduction
Canal surfaces have wide applications in CAGD, such as construction of blending surfaces, shape reconstruction, transition
surfaces between pipes, robotic path planning, etc. [9,10,16,21].
Most of the literature on canal surfaces within the CAGD context has been motivated by the observation that canal
surfaces with rational spine curve and rational radius function are rational, and it is therefore natural to ask for methods
which allow one to construct a rational parameterization of canal surface from its spine curve and radius function [6,14,15,
19,21,23].
The canal surface can be considered as a generalization of the classical notion of an offset of a plane curve. In [9,10],
the analysis and algebraic properties of offset curves are discussed in detail. In [4], do Carmo discussed some geometrical
features of pipe surfaces. Moreover, by using pipe surfaces, do Carmo proved two very important theorems in Differential
Geometry concerning the total curvature of space curves, namely Fenchel’s theorem and the Fary–Milnor theorem.
Harmonic maps f : (M, g) −→ (N,h) between Riemannian manifolds are the critical points of the energy
E( f ) = 1
2
∫
M
|df |2vg, (1.1)
and they are therefore the solutions of the corresponding Euler–Lagrange equation. This equation is given by the vanishing
of the tension ﬁeld
τ ( f ) = trace∇ df . (1.2)
As suggested by Eells and Sampson in [8], we can deﬁne the bienergy of a map f by
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2
∫
M
∣∣τ ( f )∣∣2vg, (1.3)
and say that it is biharmonic if it is a critical point of the bienergy.
Jiang derived the ﬁrst and the second variation formula for the bienergy in [11], showing that the Euler–Lagrange equa-
tion associated to E2 is
τ2( f ) = −J f
(
τ ( f )
)= −τ( f ) − trace RN(df , τ ( f ))df = 0, (1.4)
where J f is the Jacobi operator of f . The equation τ2( f ) = 0 is called the biharmonic equation. Since J f is linear, any
harmonic map is biharmonic [2,3,5,7,8,11–13,17,18,20]. Therefore, we are interested in proper biharmonic maps, that are
non-harmonic biharmonic maps.
In this paper, we study B-canal surfaces in terms of biharmonic B-slant helices according to Bishop frame in the
Heisenberg group Heis3. We give necessary and suﬃcient conditions for B-slant helices to be biharmonic. We characterize
B-canal surfaces in the Heisenberg group Heis3. Additionally, we illustrate our results.
2. The Heisenberg group Heis3
The Heisenberg group Heis3 can be seen as the space R3 endowed with the following multiplication:
(x, y, z)(x, y, z) =
(
x+ x, y + y, z + z − 1
2
xy + 1
2
xy
)
. (2.1)
Heis3 is a three-dimensional, connected, simply connected and 2-step nilpotent Lie group.
The Riemannian metric g is given by
g = dx2 + dy2 + (dz − xdy)2.
The Lie algebra of Heis3 has an orthonormal basis
e1 = ∂
∂x
, e2 = ∂
∂ y
+ x ∂
∂z
, e3 = ∂
∂z
, (2.2)
for which we have the Lie products
[e1, e2] = e3, [e2, e3] = [e3, e1] = 0
with
g(e1, e1) = g(e2, e2) = g(e3, e3) = 1.
We obtain
∇e1e1 = ∇e2e2 = ∇e3e3 = 0,
∇e1e2 = −∇e2e1 =
1
2
e3,
∇e1e3 = ∇e3e1 = −
1
2
e2,
∇e2e3 = ∇e3e2 =
1
2
e1.
We adopt the following notation and sign convention for Riemannian curvature operator on Heis3 deﬁned by
R(X, Y )Z = −∇X∇Y Z + ∇Y∇Y Z + ∇[X,Y ] Z ,
while the Riemannian curvature tensor is given by
R(X, Y , Z ,W ) = g(R(X, Y )Z ,W ),
where X , Y , Z , W are smooth vector ﬁelds on Heis3.
The components {Rijkl} of R relative to {e1, e2, e3} are deﬁned by
g
(
R(ei, e j)ek, el
)= Rijkl.
The non-vanishing components of the above tensor ﬁelds are
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4
e2, R131 = 1
4
e3, R122 = 3
4
e1,
R232 = 1
4
e3, R133 = −1
4
e1, R233 = −1
4
e2,
and
R1212 = −3
4
, R1313 = R2323 = 1
4
. (2.3)
3. BiharmonicB-slant helices with Bishop frame in the Heisenberg group Heis3
Let γ : I −→ Heis3 be a non-geodesic curve on the Heisenberg group Heis3 parametrized by arc length. Let {T,N,B} be
the Frenet frame ﬁelds tangent to the Heisenberg group Heis3 along γ deﬁned as follows:
T is the unit vector ﬁeld γ ′ tangent to γ , N is the unit vector ﬁeld in the direction of ∇TT (normal to γ ), and B is
chosen so that {T,N,B} is a positively oriented orthonormal basis. Then, we have the following Frenet formulas:
∇TT = κN,
∇TN = −κT+ τB,
∇TB = −τN, (3.1)
where κ is the curvature of γ and τ is its torsion and
g(T,T) = 1, g(N,N) = 1, g(B,B) = 1,
g(T,N) = g(T,B) = g(N,B) = 0. (3.2)
In the rest of the paper, we suppose everywhere κ = 0 and τ = 0.
The Bishop frame or parallel transport frame is an alternative approach to deﬁning a moving frame that is well deﬁned
even when the curve has vanishing second derivative [1,22]. The Bishop frame is expressed as
∇TT = k1M1 + k2M2,
∇TM1 = −k1T,
∇TM2 = −k2T, (3.3)
where
g(T,T) = 1, g(M1,M1) = 1, g(M2,M2) = 1,
g(T,M1) = g(T,M2) = g(M1,M2) = 0. (3.4)
Here, we shall call the set {T,M1,M1} as Bishop trihedra, k1 and k2 as Bishop curvatures, where θ(s) = arctan k2k1 , τ (s) =
θ ′(s) and κ(s) =
√
k22 + k21. Thus, Bishop curvatures are deﬁned by
k1 = κ(s) cos θ(s),
k2 = κ(s) sin θ(s). (3.5)
With respect to the orthonormal basis {e1,e2,e3} we can write
T = T 1e1 + T 2e2 + T 3e3,
M1 = M11e1 + M21e2 + M31e3,
M2 = M12e1 + M22e2 + M32e3. (3.6)
Theorem 3.1. γ : I −→ Heis3 is a unit speed biharmonic curve with Bishop frame if and only if
k21 + k22 = constant = C = 0,
k′′1 − Ck1 = k1
[
1
4
− (M32)2
]
− k2M31M32,
k′′2 − Ck2 = k1M31M32 + k2
[
1
4
− (M31)2
]
. (3.7)
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τ2(γ ) = ∇3TT− R(T,∇TT)T
= (−3k′1k1 − 3k′2k2)T + (k′′1 − k31 − k1k22)M1 + (k′′2 − k32 − k2k21)M2 − k1R(T,M1)T− k2R(T,M2)T.
By (1.1), we see that γ is a biharmonic curve if and only if
k′1k1 + k′2k2 = 0,
k′′1 − k31 − k1k22 = k1R(T,M1,T,M1) + k2R(T,M2,T,M1),
k′′2 − k32 − k2k21 = k1R(T,M1,T,M2) + k2R(T,M2,T,M2). (3.8)
Making necessary calculations from (3.8), we have
k21 + k22 = constant = C = 0,
k′′1 − Ck1 = k1R(T,M1,T,M1) + k2R(T,M2,T,M1),
k′′2 − Ck2 = k1R(T,M1,T,M2) + k2R(T,M2,T,M2). (3.9)
A direct computation using (2.4), yields
R(T,M1,T,M1) = 1
4
− (M12)2,
R(T,M2,T,M1) = −M31M32,
R(T,M1,T,M2) = M31M32,
R(T,M2,T,M2) = 1
4
− (M31)2. (3.10)
These, together with (3.4), complete the proof of the theorem. 
Deﬁnition 3.2. A regular curve γ : I −→ Heis3 is called a B-slant helix provided the unit vector M1 of the curve γ has
constant angle θ with some ﬁxed unit vector u, that is
g
(
M1(s),u
)= cos θ for all s ∈ I. (3.11)
To separate a helix according to Bishop frame from that of the Frenet–Serret frame, in the rest of the paper, we shall use
notation for the curve deﬁned above as B-helix.
Theorem 3.3. Let γ : I −→ Heis3 be a unit speed curve with non-zero natural curvatures. Then γ is a B-slant helix if and only if
k1
k2
= constant. (3.12)
Proof. Differentiating (3.11) and by using the Bishop frame (3.3), we ﬁnd
g(∇TM1,u) = g(k1T,u) = k1g(T,u) = 0. (3.13)
From (3.13), we get
g(T,u) = 0.
Again differentiating from the last equality, we obtain
g(∇TT,u) = g(k1M1 + k2M2,u) = k1g(M1,u) + k2g(M2,u) = k1 cos θ + k2 sin θ = 0.
Using the above equation, we get
k1
k2
= − tan θ = constant.
The converse statement is trivial. This completes the proof. 
Theorem 3.4. Let γ : I −→ Heis3 be a unit speed biharmonic B-slant helix with non-zero natural curvatures. Then
k1 = constant and k2 = constant. (3.14)
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An envelope of a 1-parameter family of surfaces is constructed in the same way that we constructed a 1-parameter
family of curves. The family is described by a differentiable function F (x, y, z, λ) = 0, where λ is a parameter. When λ can
be eliminated from the equations
F (x, y, z, λ) = 0,
and
∂ F (x, y, z, λ)
∂λ
= 0.
We get the envelope, which is a surface described implicitly as G(x, y, z) = 0. For example, for a 1-parameter family of
planes we get a developable surface.
The envelope of a 1-parameter family of the spheres in the Heisenberg group Heis3 is called a canal surface in the
Heisenberg group Heis3. The curve formed by the centers of the spheres is called center curve of the canal surface. The
radius of the canal surface is the function r such that r(s) is the radius of the sphere.
To separate a canal surface according to Bishop frame from that of the Frenet–Serret frame, in the rest of the paper, we
shall use notation for the surface deﬁned above as B-canal surface.
Theorem 4.1. Let γ : I −→ Heis3 be a unit speed biharmonic B-slant helix with non-zero curvatures. Then the equation of B-canal
surface CanalB(s, t) is
CanalB(s, t) =
(
1
k
cos θ sinΩ(s) + r(s)
√
1− (r′(s))2 sin θ cosΩ(s) cos t
− r(s)r′(s) cos θ cosΩ(s) + r(s)
√
1− (r′(s))2 sinΩ(s) sin t + c1
)
e1
+
(
−1
k
cos θ cosΩ(s) + r(s)
√
1− (r′(s))2 sin θ sinΩ(s) cos t
− r(s)r′(s) cos θ sinΩ(s) − r(s)
√
1− (r′(s))2 cosΩ(s) sin t + c2
)
e2
+
((
sin θ + cos2 θ)s − 1
4k
cos2Ω(s) − c1
k
cosΩ(s) + r(s) cos θ + r(s)r′(s) sin θ + c3
)
e3, (4.1)
where c1 , c2 , c3 are constants of integration, Ω(s) = (
√
k21 + k22 − cos2 θ − sin θ)s + σ and k =
√
k21 + k22 − cos2 θ − sin θ .
Proof. Assume that the center curve of B-canal surface CanalB(s, t) is a unit speed biharmonic B-slant helix γ and
CanalB denotes a patch that parametrizes the envelope of the spheres deﬁning the canal surface. Then, we obtain
CanalB(s, t) = γ (s) + ξ(s, t)T(s) + η(s, t)M1(s) + ρ(s, t)M2(s), (4.2)
where ξ , η and ρ are differentiable on the interval on which γ is deﬁned.
So, without loss of generality, we take the axis of γ is parallel to the vector e3. Then,
g
(
M1(s),e3
)= M31(s) = cos θ, (4.3)
where θ is a constant angle.
On the other hand, the vector M1(s) is a unit vector, so the following condition is satisﬁed(
M11(s)
)2 + (M21(s))2 = 1− cos2 θ. (4.4)
Noting that cos2 θ + sin2 θ = 1, we have
(
M11(s)
)2 + (M21(s))2 = sin2 θ. (4.5)
The general solution of (4.5) can be written in the following form
M11(s) = sin θ cosΩ(s),
M21(s) = sin θ sinΩ(s), (4.6)
where Ω is an arbitrary function of s.
62 T. Körpınar, E. Turhan / J. Math. Anal. Appl. 382 (2011) 57–65So, substituting the components M11(s), M
2
1(s) and M
3
1 in the second equation of (3.6), we have the following equation
M1(s) = sin θ cosΩ(s)e1 + sin θ sinΩ(s)e2 + cos θe3. (4.7)
On the other hand, using Bishop formulas (3.3) and (2.2), we have
M2 = sinΩ(s)e1 − cosΩ(s)e2, (4.8)
T = cos θ cosΩ(s)e1 + cos θ sinΩ(s)e2 − sin θe3. (4.9)
The covariant derivative of the vector ﬁeld T is:
∇TT =
(
T ′1 + T2T3
)
e1 +
(
T ′2 − T1T3
)
e2 + T ′3e3.
Therefore, using Bishop formulas (3.3) and the above equation we get
Ω(s) = (
√
k21 + k22 − cos2 θ − sin θ
)
s + σ ,
where σ is a constant of integration.
Using deﬁnition of canal surface, we have
g
(
CanalB(s, t) − γ (s),CanalB(s, t) − γ (s))= r2(s). (4.10)
Since C(s, t) − γ (s) is a normal vector to the canal surface, we get
g
(
CanalB(s, t) − γ (s),CanalBs (s, t)
)= 0. (4.11)
From (4.10) and (4.11), we get
ξ2(s) + η2(s) + ρ2(s) = r2(s),
ξ(s)ξs(s) + η(s)ηs(s) + ρ(s)ρs(s) = r(s)r′(s). (4.12)
When we differentiate (4.12) with respect to s and use the Bishop formulas, we obtain
CanalBs (s, t) =
(
1+ ξs(s) + η(s)k1 − ρ(s)k2
)
T(s) + (ξ(s)κ1 + ηs)M1(s) + (ρs(s) + ξ(s)k2)M2(s). (4.13)
Then (4.12) and (4.13) imply that
ξ(s) = −r(s)r′(s). (4.14)
Also, from (4.11) and (4.13) we get
η2(s) + ρ2(s) = r2(s)(1− (r′(s))2). (4.15)
The solution of (4.15) can be written in the following form
η(s) = r(s)
√
1− (r′(s))2 cos t,
ρ(s) = r(s)
√
1− (r′(s))2 sin t. (4.16)
Thus (4.2) becomes
CanalB(s, t) = γ (s) − r(s)r′(s)T(s) + r(s)
√
1− (r′(s))2M1(s) cos t + r(s)
√
1− (r′(s))2M2(s) sin t. (4.17)
Substituting (4.7), (4.8) and (4.9) into (4.17) we obtain the system (4.1). This completes the proof. 
Theorem 4.2. Let γ : I −→ Heis3 be a unit speed biharmonic B-slant helix with non-zero natural curvatures. Then, the parametric
equations of B-canal surface CanalB(s, t) are
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xCanalB(s, t) =
1
k
cos θ sinΩ(s) + r(s)
√
1− (r′(s))2 sin θ cosΩ(s) cos t
− r(s)r′(s) cos θ cosΩ(s) + r(s)
√
1− (r′(s))2 sinΩ(s) sin t + c1,
yCanalB(s, t) = −
1
k
cos θ cosΩ(s) + r(s)
√
1− (r′(s))2 sin θ sinΩ(s) cos t
− r(s)r′(s) cos θ sinΩ(s) − r(s)
√
1− (r′(s))2 cosΩ(s) sin t + c2,
zCanalB(s, t) =
((
sin θ + cos2 θ)s − 1
4k
cos2Ω(s) − c1
k
cosΩ(s)
+ r(s) cos θ + r(s)r′(s) sin θ + c3
)
+
(
1
k
cos θ sinΩ(s) + r(s)
√
1− (r′(s))2 sin θ cosΩ(s) cos t
− r(s)r′(s) cos θ cosΩ(s) + r(s)
√
1− (r′(s))2 sinΩ(s) sin t + c1
)
×
(
−1
k
cos θ cosΩ(s) + r(s)
√
1− (r′(s))2 sin θ sinΩ(s) cos t
− r(s)r′(s) cos θ sinΩ(s) − r(s)
√
1− (r′(s))2 cosΩ(s) sin t + c2
)
+ c3, (4.18)
where c1 , c2 , c3 are constants of integration, Ω(s) = (
√
k21 + k22 − cos2 θ − sin θ)s + σ and k =
√
k21 + k22 − cos2 θ − sin θ .
Proof. Using (2.2) and (4.1), we have (4.18). Thus the proof is complete. 
We can draw B-canal surface CanalB(s, t) with the help of the programme Mathematica for different constants, Ω(s) = s
and r(s) = s as shown in Figs. 1 and 2.
Similarly, for Ω(s) = s and r(s) = s for different constants as shown in Fig. 3.
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